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Abstract—Piezoelectric energy storage has several potential
advantages for use in power conversion; it offers very high
power density and efficiency capabilities, especially compared
to magnetics at small scales. Converter architectures have been
developed for efficient utilization of piezoelectrics, but without
fundamental criteria for selecting the piezoelectric devices them-
selves. In this paper, we derive figures of merit for piezoelectric
materials in power electronics based on achievable efficiency and
power density, assuming realistic converter operation. We then
apply these metrics to evaluate 51 commercially-available PZT
piezoelectric materials and identify promising candidates. These
figures of merit and their associated geometry conditions serve
as guidelines for high-efficiency, high-power density piezoelectric
resonator design, which we demonstrate and validate in LTSpice.
With both mechanical efficiency and physical limits constrained,
it is shown that piezoelectrics demonstrate favorable scaling
properties for miniaturized power conversion.

I. INTRODUCTION

Magnetic energy storage poses a fundamental limit to
miniaturization for power electronics [1], [2]. This motivates
exploration of power conversion based on other energy storage
technologies such as piezoelectrics, which have very high
power density and efficiency capabilities with improved scal-
ing properties to small sizes [3]. Piezoelectrics store energy
in the mechanical compliance and inertia of a piezoelectric
material and can be realized as single-port piezoelectric res-
onators (PRs) or multi-port piezoelectric transformers (PTs).
Piezoelectrics also offer other advantages such as planar form
factors, ease of batch fabrication, and the potential to use the
energy storage element itself for electrical isolation (with PTs).

The promise of power conversion based on only piezo-
electric energy storage is evident in magnetic-less converter
designs realized in [4]–[7] with PRs and [8]–[12] with PTs. [4]
enumerates practical converter implementations that achieve
high efficiency through optimal utilization of the PR across
the switching cycle, resulting in experimental efficiencies
exceeding 99%. However, criteria for selecting piezoelectric
materials and/or designing PRs themselves remain murky in
the context of power conversion, and metrics developed for
other applications serve different interests.
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Reference 02/MI/MIT/CP/11/07633/GEN/G/00.

TABLE I
STATE AND PARAMETER DEFINITIONS

δ Mech. Displacement (m)
T Mech. Stress (N/m2)
S Mech. Strain
E Elec. Field Strength (N/m)
D Elec. Flux Density (C/m2)
Y Young’s Modulus (N/m2)
d Piezoelectric Constant (C/N)
ε Dielectric Constant (F/m)
ρ Density (kg/m3)
k Electromechanical Coupling Factor

In this work, we present evaluation metrics for piezoelectric
materials specifically for use as energy storage components
in power electronics. In particular, we focus on figures of
merit (FOMs) based on minimum mechanical loss ratio and
maximum power density, which can be derived for a realistic
converter control sequence to be functions of only material
properties. We demonstrate the use of both FOMs to evaluate
and identify promising piezoelectric materials, which we then
utilize in an example design to validate these analyses in LT-
spice. In addition to material selection, these FOM derivations
aid PR geometry design and elucidate the fundamental power
handling scaling properties for a PR in a realistic converter
implementation.

II. PIEZOELECTRIC RESONATOR MODEL

Deriving metrics for piezoelectric materials first requires
appropriate models for the PR’s mechanical and electrical
behaviors in a converter. To begin, we assume the PR illus-
trated in Fig. 1(a), which has electrode area A and distance l
between electrodes, with one electrode solidly mounted on a
conductive surface. For excitation of its thickness extensional
vibration mode (ie. the elastic wave propagates parallel to
the electric field, both along the z axis), this PR’s behavior
is governed by the following coupled state equations and
Newtonian mechanics equation, respectively [13], [14]:

∂δ3
∂z

=
1

Y E
33

T3 + d33E3 (1)

D3 = d33T3 + εT3 E3 (2)

ρ
∂2δ3
∂t2

=
∂T3

∂z
(3)
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Fig. 1. (a) Side view of a solidly-mounted PR in thickness vibration mode.
(b) Relative magnitudes of δ3, T3, and E3 as functions of z for this PR.
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Fig. 2. Butterworth-Van Dyke circuit model for PRs in thickness extensional
vibration mode [13], [15].

Parameters for these equations are defined in Table I;
superscripts indicate constant conditions for measurement, and
subscripted 3’s indicate the polarization direction (z-direction
in this case). Together, (1)-(3) constitute the following wave
equation for mechanical displacement δ3:

ρ

(
1− d233Y

E
33

εT3

)
∂2δ3
∂t2

= Y E
33
∂2δ3
∂z2

(4)

Assuming the lowest resonant mode for the boundary con-
ditions in Fig. 1(a), the wave equation of (4) dictates the
z-dependent amplitudes for δ3, E3, and T3 shown in Fig.
1(b). They have the following analytical expressions1, where
∆ is the maximum δ, κ is the wave number (in rad/m), and
k2

33 =
Y E
33d

2
33

εT3
[13]:

δ3 = ∆ sin(κz)ejωt (5)

T3 = Y D
33κ∆ (cos(κz)− cos(κl)) ejωt (6)

E3 =
κ∆

d33(1− k233)

(
−k233 cos(κz) + cos(κl)

)
ejωt (7)

These expressions provide means to analyze the PR’s me-
chanical and electrical limits, which we utilize in Section V
for calculating maximum power density. Inserting (5) back
into (4) also reveals the radial frequency ω to be

ω = κ

√
Y D
33

ρ
(8)

Equations (5)-(8) enable derivation of an electrical model
for the PR (ie. the Butterworth-Van Dyke model [15]) based
on its impedance. This model is illustrated in Fig. 2 and has
the following parameters for sinusoidal excitation of the PR’s
lowest resonant mode [13], [16]–[18]:

1Different measurement conditions for ε3 and Y33 have the following
relationships: εS3 = (1− k233)εT3 ; Y E

33 = (1− k233)Y D
33 [13].

Cp = εS3
A

l
(9)

C = Cp
8

π2
k233 =

8Y E
33d

2
33(1− k233)

π2

A

l
(10)

L =
ρl2

2Cpk233Y
D
33

=
ρ

2Y E2
33 d

2
33

l3

A
(11)

R =
1

Qm

√
L

−Cp||C
=

1

Qm

lγo
4Cpk233

√
ρ

Y D
33

=
1

Qm

γo
4εS3 k

2
33

√
ρ

Y D
33

l2

A
(12)

where

γo =
√
π2 − 8k233 (13)

This electrical model serves as the basis for how we
conceptualize the PR’s behavior, and its full derivation can
be found in Appendix A. It can be shown from (50) that κ
takes on the following range for the PR’s inductive region,
with boundaries at the resonant and anti-resonant frequencies:

γo
2l
< κ <

π

2l
(14)

Also notable is the additional -Cp term in the LCR branch of
Fig. 2. This term arises due to interaction between the applied
and induced electric fields, which are parallel along z for the
thickness extensional vibration mode [13].

III. AMPLITUDE OF RESONANCE MODEL

We employ the circuit model of Section II to analyze
the PR’s behavior in a power converter. Assuming iL is
sinusoidal, its amplitude (IL) provides insight into the PR’s
amplitude of mechanical resonance, which determines the
PR’s mechanical energy storage and loss [4], [19]. The PR’s
ideal amplitude of resonance can be calculated from the total
magnitude of charge it must transfer during each resonant
cycle (illustrated in Fig. 3), which depends on the converter’s
specific switching sequence and operating point. This charge
transfer calculation considers both the “connected/zero stages”
(ie. stages when the PR is connected to the source-load system)
and “open stages” (stages when the PR is open-circuited and
Cp charges/discharges through resonance) of the switching
sequence, thereby providing a realistic representation of the
PR’s behavior as used in a converter.

To evaluate piezoelectric materials, we assume either of the
highest-efficiency step-down switching sequences analyzed in
[4], [19], which have the following IL:

IL =
π

2
fQtotal = π

(
Pout

Vin
+ fCpVin

)
(15)

In accordance with the switching sequences proposed in
[4], [19], this calculation assumes resonant “soft” charg-
ing/discharging of the PR’s Cp, zero voltage switching (ZVS)
of all switches, and all-positive instantaneous power transfer
for high efficiency. Thus, this IL equation models the PR’s
amplitude of resonance for “optimal” converter operation,
which we assume throughout this work.
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Fig. 3. Sinusoidal approximation of iL (and resulting amplitude of resonance
IL) based on the charge transfer qn required of each switching stage n. [4].

To model the PR’s power transfer capability as a function of
operating constraints, (15) can be rearranged such that power
transfer is the following function of IL:

Pout =
1

π
VinIL − CpfV

2
in =

1

π
VinIL −BV 2

in (16)

in which we have substituted

B = fCp (17)

Further, we can derive a model relating IL to the PR’s
physical states using the coupled state equations in (1)-(3).
The result establishes the following relationship between IL
and ∆ (full derivation in Appendix B):

IL =
A

l
κ

√
Y D
33

ρ
d33Y

E
33∆ sin(κl) (18)

T3 and E3 can then be related to IL through ∆, as
determined by (6) and (7), respectively:

∆ =
1

κY D
33

1

1− cos(κl)
T3 (19)

∆ =
(1− k233)

(cos(κl)− k233)

d33
κ
E3 (20)

in which we have focused on z = 0, where T3 and E3

are maximum. Equations (16)-(20) establish a relationship
between physical states and power transfer through IL, which
we utilize for deriving maximum power density in Section V.

IV. MINIMUM LOSS RATIO AND ASSOCIATED FIGURE OF
MERIT

To quantitatively compare piezoelectric materials for power
conversion, we first focus on achievable PR efficiency; this has
implications for both operating cost and thermal management.
Efficiency can be expressed as

η =
Pout

Pout + Ploss
=

1

1 + Ploss
Pout

(21)

Thus, the impact of piezoelectric material properties on
efficiency can be examined through loss ratio Ploss/Pout,
which is desired to be as low as possible. Material-dependent
losses in the PR include mechanical loss and dielectric loss;
for this FOM, we focus on mechanical loss.

To derive the minimum mechanical loss ratio for a piezo-
electric material, we estimate mechanical loss using the PR’s
amplitude of resonance (15) and resistance as follows [4]:

Ploss =
1

2
I2LR (22)

Ploss can then be divided by Pout to produce the following
mechanical loss ratio equation:

Ploss

Pout
=

1
2
I2LR

Pout
=
π2

2

(
Pout

V 2
in

R+ 2BR+
V 2
inB

2

Pout
R
)

(23)

This loss ratio equation has only two operating point param-
eters (Vin and Pout) and two PR-dependent parameters (B and
R). We can explicitly separate the PR’s material and geometry
properties by extracting A and l from B and R, leaving only
the material-dependent Bo and Ro, respectively:

Ploss

Pout
=
π2

2

(
Pout

V 2
in

l2

A
Ro + 2BoRo +

V 2
in

Pout

A

l2
B2

oRo

)
(24)

Bo =
εS3
2

γo
π + γo

√
Y D
33

ρ
(25)

Ro =
1

Qm

γo
4εS3 k

2
33

√
ρ

Y D
33

(26)

in which we have assumed the resonant period to be the
average2 of the resonant and anti-resonant periods for the
lowest resonant mode, which corresponds to a wave number
of κ = γoπ

(γo+π)l .
From here, we assume that the designer has the flexibility to

choose the PR’s geometric dimensions. The loss ratio equation
reached in (24) is a second-order equation with respect to
A
l2 , which implies the existence of a minimum (assuming
all quantities are positive) as illustrated in Fig. 4(a). Taking
the derivative of (24) with respect to A

l2 and equating it to
zero reveals the geometry condition for this minimum and the
minimum mechanical loss ratio itself:

A

l2
=

Pout

V 2
inBo

(27)

⇒
(
Ploss

Pout

)
min

= 2π2BoRo =
π2γ2

o

π + γo

1

4k233Qm
(28)

Thus, the PR’s mechanical loss ratio can be minimized by
strategically designing the PR’s dimensions to satisfy (27)
for its intended operating point. This condition cancels the
operating point and PR geometry parameters in the loss ratio
equation, so the minimum mechanical loss ratio for a PR
depends on only its material properties. Taking the inverse
of (28), the following unitless factor can therefore be consid-
ered a mechanical efficiency FOM (FOMM ) for piezoelectric
materials whose value is desired to be as large as possible; its
parameters are easily accessible in material datasheets.

FOMM = 4k233Qm
π + γo
π2γ2

o

(29)

2At this average resonant period, the PR’s charge transfer is split evenly
between connected/zero stages and open stages as analyzed in [4], [19].
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Fig. 4. On logarithmic axes, PR (a) loss ratio minimum and (b) volumetric
power density maximum (the same concept applies to areal power density).

TABLE II
LOSS RATIO COMPARISON OF APC INTERNATIONAL PZT MATERIALS

Material Qm k33 PSSS [4] Estimate (27) % Error

840 500 0.72 .0102 .0102 0.26%
841 1400 0.68 .0041 .0041 0.96%
842 600 0.71* .0086 .0086 0.44%
844 1500 0.65* .0043 .0044 0.94%
850 80 0.72 .0660 .0624 5.8%
851 80 0.71* .0689 .0649 6.0%
855 65 0.76 .0477 .0454 5.0%
880 1000 0.62 .0083 .0083 0.46%
881 1000 0.73* .0047 .0047 0.80%

(*) Calculated using k233 = Y E
33d

2
33/ε

T
3

We validate the minimum loss ratio in (28) and hence
FOM in (29) with geometry and material data for 572 APC
International discrete PR parts listed on [20]; these parts
consist of round and rectangular plate-shaped PRs of varying
dimensions, spanning nine total materials. For each part, we
calculate its PR circuit model parameters and then solve for
an exact periodic steady state solution (PSSS) of the PR’s
states as detailed in [4], assuming the converter switching
sequence corresponding to (15) with Vin=100 V. Given these
specifications, we then sweep Pout across multiple PSSSs for
each part in order to identify its minimum loss ratio.

Ultimately, all discrete parts of the same material yield the
same minimum loss ratio, validating the independence of (28)
and (29) from operating point and PR geometry. In Table II,
these PSSS-calculated minimum loss ratios are compared with
the estimate of (28) and demonstrate less than 1% error for all
low-loss-ratio materials (the error is higher for lossier materials
because (15) does not account for additional charge transfer
required to make up for loss). Thus, the minimum mechanical
loss ratio in (28) and the mechanical efficiency FOM in (29)
serve as representative metrics for comparing the efficiency
capabilities of low-loss piezoelectric materials.

V. MAXIMUM POWER DENSITY AS A FIGURE OF MERIT

A second point of comparison for piezoelectric materials is
achievable power handling density, which poses a boundary
for converter miniaturization. A useful power density metric
must consider how the PR is to be utilized in a converter (ie.
not just energy density), so we again assume the amplitude
of resonance model in Section III. Using (16), we derive
maximum power density considering physical limits for IL.

A. Maximum Amplitude of Resonance

The maximum permissible IL depends on the PR’s maxi-
mum amplitude of mechanical resonance, constrained by limits
such as stress, electric field, or loss density. T3 and E3 are
both functions of ∆, so their limits can each be related to IL
through ∆ as described in Section III3. Thus, ILmax depends
on δomax as follows:

ILmax =
A

l
κY E

33d33δomax sin(κl)

√
Y D
33

ρ
(30)

This results in the following stress-limited (ILmaxT ) and
electric-field-limited (ILmaxE) maximum amplitudes of reso-
nance:

ILmaxT =
A

l
d33(1− k233)Tmax

√
Y D
33

ρ

sin(κl)

1− cos(κl)
(31)

ILmaxE =
A

l
εS3 k

2
33Emax

√
Y D
33

ρ

sin(κl)

cos(κl)− k233
(32)

in which we suggest use of the wave number in Section IV
(κ = γoπ

l(γo+π) ) for consistency between FOMs.
Since their geometry terms are identical, the relative magni-

tudes of ILmaxT and ILmaxE can be compared based on only
their geometry-extracted quantities (ie. (31) and (32) without
A
l ); these are functions of only material properties, so we

refer to them as ILmaxTo and ILmaxEo, respectively. The
lower-magnitude limit then serves as the geometry-normalized
maximum for IL:

ILmax =
A

l
ILmaxo =

A

l
min(ILmaxTo, ILmaxEo) (33)

Thus, (33) provides an expression for ILmax in terms of
only material properties and geometry terms; this enables
maximization of power density considering material limits in
Sections V-B and V-C.

B. Volumetric Power Density

Volumetric power density can be derived from the amplitude
of resonance model described in Section III. Dividing (16) by
volume yields:

Pout

Al
=

1

πAl
VinIL −

1

Al
BV 2

in (34)

We can then set IL equal to ILmax in (33) and separate
geometry terms from material properties to arrive at:

Pout

Al
=

1

πl2
VinILmaxo −

1

l3
BoV

2
in (35)

This power density expression can be maximized by again
assuming that the designer has the flexibility to choose l.
Taking the derivative of (34) with respect to l and equating
it to zero results in the following l condition and maximum
power density as illustrated in Fig. 4(b):

lmax =
3π

2

BoVin

ILmaxo
(36)

3It should be noted that Vin in (16) is purely the input voltage and does
not have a fixed relationship to vp,1 (the first harmonic of vp) in (47). Thus,
Vin cannot be directly affixed to physical limits like Tmax and Emax.
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⇒
(
Pout

Al

)
max

=
4

27π3

I3Lmaxo

B2
oVin

(37)

Thus, maximum power density depends on only material
properties and the inverse of Vin, which permits direct compar-
ison between materials using only material data. The translates
to the following volumetric power density FOM (FOMV PD):

FOMV PD =
4

27π3

I3Lmaxo

B2
o

(38)

which has units V·W/m3.

C. Areal Power Density

In some applications, power handling capability for a given
footprint area may be more useful to the designer than volu-
metric power density. This metric also becomes more relevant
for highly-planar PR designs, as often dictated by (27). Similar
to (34), the areal power density can be written as follows with
IL = ILmax and geometry terms extracted:

Pout

A
=

1

πl
VinILmaxo −

1

l2
BoV

2
in (39)

This expression can likewise be maximized by equating its
derivative with respect to l to zero, resulting in the following
l condition and maximum footprint power density:

lmax =
2πBoVin

ILmaxo
(40)

⇒
(
Pout

A

)
max

=
I2Lmaxo

4π2Bo
(41)

Like the minimum loss ratio in (28), all operating point
and geometry terms cancel in (41) for the condition specified
in (40). Thus, the maximum areal power density for a PR
depends on only its material properties. (41) therefore serves
as a FOM in itself, permitting direct comparison of footprint
requirements between piezoelectric materials.

FOMAPD =
I2Lmaxo

4π2Bo
(42)

with units W/m2.

VI. LOSS DENSITY CONSIDERATIONS

While the maximum PR power densities derived in Section
V consider physical material limits such as stress and electric
field, they do not consider the thermal implications of loss. Re-
alistically, thermal management limitations may confine power
density to significantly lower boundaries than the material’s
physical limits. We treat this subject by analyzing loss density.

For the solidly-mounted PR in Fig. 1(a), we assume that
most heat extraction occurs through the fixed electrode surface
at z = 0, which has area A. We further assume that a
maximum quantity of PR loss per A can be accommodated
by a given thermal design such that the PR’s temperature rise
remains permissible. This maximum areal loss density relates
to the PR’s operation as follows, considering only mechanical
losses:

Ploss

A
=

1

2

I2LR

A
=

1

2
I2LoRo (43)

in which we have extracted geometry parameters from IL
(IL = A

l ILo) and R.
(43) reveals a direct relationship between maximum areal

loss density and the PR’s states through ILo, without depen-
dence on geometry or operating point parameters. This loss
density equation can be utilized to calculate the expected loss
density for a given ILo and material. Conversely, it can be
rearranged to define a loss-limited maximum for IL:

ILmaxL =
A

l

√
2

Ro

(
Ploss

A

)
max

(44)

Because ILmaxL ∝ A
l , it can be seamlessly compared to

ILmaxT and ILmaxE in (33) and/or inserted into (37) or (41)
to calculate maximum power density given a maximum loss
density. Although practically useful, this comparison or power
density calculation relies on both thermal transfer and material
properties, as ILmaxL requires an assumption for

(
Ploss

A

)
max

.

VII. MATERIAL COMPARISON

Equipped with FOMs for mechanical efficiency and power
density, we now evaluate commercially-available variants of
PZT (the most widely-utilized piezoelectric material) for use
in power conversion. This study is confined to “hard” PZT
materials, which tend to have both greater physical limits
and higher quality factors than “soft” materials. We collect
the following properties for hard PZT materials from eight
different manufacturers: Qm, εT3 , Y E33 , d33, ρ, and maximum
voltage or electric field (if provided). k33 is calculated using
k2

33 =
Y E
33d

2
33

εT3
, and sinusoidal amplitude Emax is conserva-

tively assumed to be half the reported electric field limit4.
Materials without a reported electric field limit are assumed
to have the same maximum as similar materials from the same
manufacturer or a limit of 1 kV/mm (a common value among
most manufacturers). Due to sparse reporting of material-
specific limits, this maximum electric field is assumed to
correlate with material’s true electrical or mechanical limit.

We then use these properties to calculate the mechanical and
power density FOMs for each of 51 total materials. Fig. 5 dis-
plays these results with one FOM on each axis, overlaid with
loss-density contour lines to visualize thermal management
needs. Materials with manufacturer-provided limits for electric
field have solid-filled markers, while materials with assumed
electric field limits are differentiated by unfilled markers. The
considered materials exhibit wide variation in terms of both
mechanical efficiency and power density capabilities.

Fig. 5 is constructed such that assumptions for maximum
loss density are left to the reader (as they will vary based
on design and application constraints). For a given areal loss
density limit, all points above the corresponding contour line
should be projected downward (in the -y direction, keeping
constant FOMM ) onto the allowable heat transfer line itself;
this new point conveys their maximum power densities given

4At the anti-resonant frequency, for example, vp resembles a sinusoid with
dc offset Vin/2 and amplitude Vin/2. Thus, the sinusoidal amplitude is half
the true maximum value of vp = Vin.
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Fig. 5. Comparison of hard PZT materials for power conversion based on FOMM and FOMAPD , overlaid with areal-loss-density contour lines. Filled and
unfilled markers indicate manufacturer-provided and author-estimated electric field limits, respectively.

the assumed limit. Thus, it can be inferred that many materials
would never reach their electric field limits without aggressive
thermal designs; for a given heat transfer capability, higher
power density is instead enabled by a higher FOMM .

In addition to PZT, there are numerous other piezoelectric
material types that may be similarly compared for power
conversion using these FOMs. For this study, it should be
noted that (1) dielectric loss has not been considered, (2) the
k33 electromechanical coupling coefficient has been assumed
(as PR designs become more planar, the kt coefficient becomes
more representative than k33), and (3) the results of Fig. 5
are sensitive to variation between manufacturers in terms of
measurement procedure and/or reporting of physical limits.

VIII. APPLICATION TO DESIGN

In addition to material metrics, these FOM derivations
provide PR geometry design guidance for maximum efficiency
and maximum power density. The conditions for maximum
power density in Section V constrain only l, while the condi-
tion for minimum loss ratio in Section IV defines a relationship
between A and l. Thus, both the maximum power density and
the minimum loss ratio for a nominal operating point can be
achieved in a PR design by strategically selecting l from (36)
or (40) and then A to satisfy (27) as visualized in Fig. 4.

We demonstrate an example PR design based on these
geometry criteria with the PIC181 material; Fig. 5 shows
PIC181 to be capable of the highest power density given a
loss density limit of 1 W/cm2. For an example operating point
with Vin = 100 V, Vout = 60 V, and Pout = 10 W, l and A are
calculated from (40) and (27) to be 0.11 mm and 2.75 mm2,
respectively, assuming Emax = 750 V/mm. The corresponding

PR model parameters from (9)-(12) are shown in Fig. 6. We
calculate an exact PSSS for this PR as utilized in the topology
of Fig. 6 with the Vin-Vout, Zero, Vout switching sequence
[4]; this is a high-efficiency operating mode that corresponds
directly to the amplitude of resonance model of Section III.
The PSSS switching times are then used to simulate this
operating point in LTspice, producing the expected switching
sequence waveforms shown in Fig. 7.

LTspice-calculated operating point information for this sim-
ulation is compared in Table III with the intended figures.
It is shown that the exact minimum loss ratio is achieved,
corresponding to a PR efficiency of 99.75% and an areal
loss density of 0.92 W/cm2. Emax is calculated using (32)
with the simulated values for IL and f (for κ) and likewise
demonstrates the design value. Thus, the derived FOMs are
validated, and both maximum efficiency and maximum power
density can be achieved with intentional PR geometry design5

using the provided conditions. Although this simulated design
is ideal in nature (ie. it has ideal switches, assumes k33

instead of kt, assumes ideal PR mounting, and only considers
mechanical loss), it illustrates auspicious potential for power
conversion based on piezoelectrics.

5Designers employing these geometry guidelines should be reminded that:
(1) The specific amplitude of resonance model presented in Section III directly
applies to only the highest-efficiency switching sequences of [4] for the
2Vout > Vin > Vout operating region (models serving other operating
regions are also provided in [4]). Thus, the derived minimum loss ratio and
maximum power density quantities should be considered only as relative
material comparison metrics outside of this region. (2) The minimum loss
ratio is achievable only when the condition (27) is met; surrounding operating
points will have higher loss ratios. The same concept applies to maximum
power density, which decreases for the same limits as the operating point
deviates from (36) or (40).
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Fig. 7. LTspice-simulated time-domain waveforms for
switching sequence Vin-Vout, Zero, Vout with Vin =
100 V, Vout = 60 V, and Pout = 10 W [19].

TABLE III
DESIGN OPERATING POINT

Value Calculation Simulation

Pout 10 W 10.02 W
Ploss
Pout

0.25% 0.25%

f 8.38 MHz 8.48 MHz

IL 628 mA 601 mA

Emax 750 V/mm 750 V/mm
Pout
A

3.6 W/mm2

IX. POWER HANDLING SCALING PROPERTIES

Piezoelectric energy storage has been suggested to have
advantageous power density and efficiency scaling properties
compared to magnetics [3]. With an example design illustrated
in Section VIII, we now analyze specifically how PR power
handling properties scale with size in the realistic converter
implementation depicted by the amplitude of resonance model.
(16) can be re-written as:

Pout = A

(
1

πl
VinILo −

1

l2
BoV

2
in

)
(45)

in which we have assumed a fixed ILo limit (and therefore
fixed stress/electric-field limits) as derived in Section V. This
expression shows that Pout scales linearly with A, but the
expression contained in parenthesis has a global maximum at
l = 2πVinBo

ILo
such that

(Pout)max = A
I2Lo

4π2Bo
(46)

Thus, maximum power handling scales with only A and
material properties for a fixed ILo.

From here, we postulate scaling the PR in all three di-
mensions by scaling factor α as conducted for magnetics
in [1]. In the case of a PR, volume scales by α3, but (46)
suggests that the maximum power handling would scale by α2

assuming a fixed ILo. This implies that maximum volumetric
power density scales inversely with α (which confers with
(37), assuming the direct relationship between Vin and lmax in
(36)), and that maximum power area-density in (41) remains
constant. In terms of loss, both the minimum loss ratio in
(28) and the areal loss density for a given ILo in (43) have no
geometry dependence and therefore remain fixed regardless of
α. The required operating frequency scales with α−1, however,
which may impose a practical scaling limit.

These geometry dependencies and scaling properties for
piezoelectrics are summarized in Table IV. As volume is
scaled downward (α < 1), maximum volumetric power density
increases while minimum loss ratio (and therefore maximum
efficiency) stays constant. These are favorable scaling proper-
ties for converter miniaturization.

X. CONCLUSION

To evaluate piezoelectric materials for power conversion,
we have derived figures of merit for achievable efficiency and
power density based on realistic converter operation. These
figures of merit depend on only material properties (and - if

TABLE IV
POWER HANDLING SCALING PROPERTIES OF PIEZOELECTRICS

Property PR Geometry Dependence PR Scaling (fixed Ploss
A

)

(Pout)max A α2

(Pout
vol

)max l−1 α−1

(Ploss
Pout

)min none constant
Ploss
vol

l−1 α−1

considered - assumptions of heat transfer limits), and we have
employed them to compare the capabilities of 51 PZT-based
materials. Although these materials exhibit wide variability
with respect to the FOMs, those with higher efficiency figures
of merit are capable of achieving the highest power densities
for realistic loss density limits.

In addition to material metrics, these derivations reveal
PR geometry design guidelines for realizing both maximum
efficiency and power density. We have illustrated an example
PR design using these criteria, which has been validated along
with the derived figures of merit in LTSpice simulations. The
simulated design attests to highly promising efficiency and
power density capabilities for piezoelectrics, and fundamental
derivations show that these properties scale favorably for
converter miniaturization.
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APPENDIX A
ELECTRICAL MODEL DERIVATION

The electrical model of Fig. 2 can be derived from the
PR’s impedance characteristic surrounding its lowest thickness
extensional resonant mode. First, vp,1 (the first harmonic of vp)
and iin can be derived from (2), (6), and (7) to be

vp,1 = −
∫ l

0

Edz =
κ∆l

d33(1− k233)

(
k233
κl

sin(κl)− cos(κl)

)
ejωt

(47)

iin = −jωDA = −jωAκ∆εT3
d33

cos(κl)ejωt (48)

which constitute the following impedance for an ideal PR:

Z =
vp,1
iin

=
l

jωεS3A

(
1− k233

κl
tan(κl)

)
(49)
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Approximating the tangent term in (49) with the first term
of the power series expansion described in [13] yields:

Z =
vp,1
iin

=
l

jωεS3A

(
1− 8k233

π2 − 4κ2l2

)
(50)

Similarly, the circuit model of Fig. 2 has the following
impedance for an ideal PR (R = 0):

Z =
1

jωCp

(
Cp − C − ω2LCCp

Cp − ω2LCCp

)
(51)

Setting (50) equal to (51) and solving for Cp, C, and L
yields the circuit model parameters in equations (9)-(11).

APPENDIX B
IL RELATIONSHIP TO PR STATES DERIVATION

The relationship between IL and the PR’s physical states
can be derived using the coupled state equations in (1)-(3)
and our solution in (5)-(7). Inserting (1) into (2) yields:

D3 = d33Y
E
33
∂δ3
∂z

+
(
εT3 − d233Y E

33

)
E3 (52)

Multiplying by area and integrating with respect to z across
the length of the PR (from z = 0 to z = l) gives:

Q3 =
A

l
d33Y

E
33δ3(l)− A

l

(
εT3 − d233Y E

33

)
vp,1 (53)

Finally, taking the time derivative and inverting for the
desired sign convention of Fig. 2 yields:

iin = Cp
dvp,1
dt
− A

l
jωd33Y

E
33δ3(l) (54)

which corresponds to the model of Fig. 2 such that

IL =
A

l
κ

√
Y D
33

ρ
d33Y

E
33∆ sin(κl) (55)

in which we have inserted (8) for ω.
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