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Abstract— This paper presents a quantitative analysis of
the operating characteristics of three-phase bridge recti-
fiers with ac-side reactance and constant-voltage loads. We
describe the operating characteristics of the three-phase
diode bridge rectifier in continuous conduction mode. Sim-
ple approximate expressions are derived for the output
current characteristic, as well as the input power factor.
The output current control characteristic is also derived for
the three-phase thyristor bridge converter with constant-
voltage load. The derived analytical expressions are ap-
plied to a practical example and simulations are utilized to
validate the analytical results.

I. INTRODUCTION

In a number of power electronics applications, one en-
counters a three-phase bridge rectifier supplied from an in-
ductive ac source driving a constant-voltage load, as illus-
trated in Figure 1. For example, this often occurs in bat-
tery charger/power supply systems, such as employed in
automotive and aerospace applications. The three-phase
source with series inductance represents the alternator
back emf and armature inductance, while the constant-
voltage load represents the battery and system loads. A
similar situation occurs when a transformer-driven recti-
fier is loaded with a capacitive (rather than inductive)
output filter. Here, the ac-side inductance is due to line
and transformer leakage reactances, while the dc-side filter
acts as a constant-voltage load. In all such applications,
the rectifier input and output currents are functions of the
system voltage levels and the ac-side reactance, and are
also functions of firing angle if thyristor devices are used
(Figure 2).

While one might expect that analytical models for the
operational characteristics of the systems of Figures 1
and 2 would be readily available in the literature, this
appears not to be the case. The behavior of single-phase
diode rectifier circuits with ac-side impedance and capac-
itive loading have been treated in the work of Schade and
others [1]-[6]. Most treatments of three-phase rectifier
circuits only consider operation with inductive (constant-
current) loading of the rectifier. Schaefer [7] does devote a
chapter to rectifiers with ac-side reactance and capacitive
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Figure 2: Phase-controlled three-phase bridge rectifier.

loading, with a primary focus on single-phase circuits and
the three-phase midpoint connection circuit. The three-
phase bridge rectifier is treated for the light-load (dis-
continuous conduction mode) case, but the chapter stops
short of fully analyzing the bridge rectifier in continuous
conduction, noting that the analysis is complex. The lit-
erature seems to be even more sparse regarding operating
characteristics of thyristor bridges with constant-voltage
loads, though the principles involved are sometimes de-
scribed [7] and the challenging nature of firing angle con-
trol in this case is occasionally mentioned [7], [8].

This paper presents a quantitative analysis of the oper-
ating characteristics of bridge rectifiers with ac-side reac-
tance and constant-voltage loads. Section II describes the
operating characteristics of the three-phase diode bridge

715



rectifier in continuous conduction mode. Simple approxi-
mate expressions are derived for the output current char-
acteristic (output current as a function of input reactance
and input and output voltages), as well as the input power
factor and distortion. In Section III, the output cur-
rent control characteristic is derived for the three-phase
thyristor bridge converter with constant-voltage load. Sec-
tion IV of the paper applies these newly-derived analytical
expressions to a practical example, and validates the re-
sults against simulations.

II. THREE-PHASE DIODE RECTIFIER WITH
CONSTANT-VOLTAGE LOAD

A three phase rectifier with a voltage source load is
shown in Figure 1. Also included are line inductances
L, each in series with sinusoidal voltages v,q, vsp and vy
which are a three phase set of voltages with magnitude V,
and angular frequency w. The diodes in the full bridge
rectifier are assumed ideal except for a finite on-voltage,
V4. Assuming that the source currents i,, i, and i, are
continuous, it can be shown that the line-line voltages vqp,
Upe and vg, are given by

s = 2 [sgn(ia) ~ sgn(i) @)
he = 22 [sgnis) — sgalio) @)
Vea = 22 [sgn(ic) ~ sgnia)] )

where sgn(e) is the signum function and V] = V, + 2V,.
Based on the above line-line voltages, the combination of
the full bridge rectifier and voltage source load can be
replaced by three line-neutral voltage sinks given by

v, = V' sgn(i,) (4)
vy =V, sgn(ip) (5)
vl = V) sgn(ic) (6)

where V! = VJ/2 = V,/2 + V3. Let us further approxi-
mate the voltage sinks v/, v and v} by their fundamental
components, v,,, v, and v, respectively, since the fun-
damental component is the only one contributing to power
transfer. This approximation yields

1"

4V,
Vo R Vg = — = sin(wt ~ ¢) ™)
"
v R Upy = -—7-% sin(wt — ¢ — 2m/3) (8)
4 4
LR UL = —W'L sin(wt — ¢ + 27/3) 9

where ¢ is the phase angle between each voltage source and
and its corresponding voltage sink for each phase. Given
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Figure 3: Simplified model of the three-phase diode rec-
tifier.

expressions (7)—(9), we can also approximate the inductor
currents i4, iy and i, by their fundamental components
a1, 51 and i1, respectively. Furthermore, since we know
voltages v}, v;; and v, are in phase with their respective
line currents, the inductor currents will have the form

ia R 1q1 = 41 sin(wt — ¢) (10)
ip = iy = Iy sin(wt — ¢ — 27/3) (11)
Te R lel = Ig]_ sin(wt - ¢ + 27!'/3) (12)

where I, is the magnitude of the fundamental component

of the line currents yet to be determined. Now, the voltage

sources v,;, vy, and v.; may be replaced by equivalent

resistors Rgp, Rpe and R.,, respectively, given by
4vll A

Rab=Rbc=Rca= 2 =R
wls)

(13)

The equivalent circuit for our simplified three phase full
bridge rectifier is shown in Figure 3.

To determine the magnitude of the fundamental com-
ponent of the line current, we only need to examine one of
the phases. For example, the phasor line current in phase
a is given by

Vs e—jtan"(wL,/R)

VERZ + (wL,)?

Substituting the expression for I,; into (13), equivalent
resistance R may now be written as

I, 21,9 = (14)

A4V 4VY/RTT (wL,)?

R= =
7rIsl 71"/5 (15)
Solving for R in (15) yields
1"
o (AVmuL, )

Vi — (avy/m)?

Note that our approximation for the equivalent resistance
is valid if and only if nV;/4V]}’ > 1. Using the expression
for the equivalent resistance R in (16), the magnitude of
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the fundamental of the line current I;; and the phase angle
¢ can be expressed as

V! — (avy/m)

I, = oL, (17)
¢ =tan~14/ (7r1/s/4‘/";’)2 -1 (18)

The average output current delivered to the voltage source
load V, can be approximated as

3y Ve’ = (55

™ wLg (19)

) 3
(’to> ~ ;131 =
The power factor k, may now be computed using the ex-
pression for ¢

"

av/
- (20)

ky = cos¢ =

The expressions for the average output current and power
factor in (19) and (20) will be compared with results of
computer simulations in Section IV. The procedure we
have used in this section to analyze the three-phase diode
rectifier can be applied to the single phase rectifier as
well. We will not discuss the single-phase rectifier here;
however, we provide some details of the analysis in the
Appendix.

In our derivation of the equivalent resistance R given in
(16), we included the impact of the line inductances but
neglected series resistances to simplify the analysis. The
inclusion of series resistance into the analysis is straight-
forward; however, it does complicate the expressions. For
example, if we assume that each phase has a line induc-
tance L, and series resistance R; associated with it, the
expression for the equivalent resistance R becomes

()R + (8£) \/ .z [V - (2] + mevz
- V. @V /)

(21)

Using (21), one can derive new expressions for I, ¢ and
k, which include the impact of the series resistance R;.

III. PHASE-CONTROLLED THREE-PHASE RECTIFIER
WITH CONSTANT-VOLTAGE LOAD

A simplified schematic of a phase-controlled three phase
rectifier with voltage sink is shown in Figure 2. The anal-
ysis of this system is much more difficult due to presence
of thyristors and the introduction of firing angle a as an
additional (control) variable. (For purposes of this paper,
we define a as the electrical firing angle delay relative to

the forward voltage that appears across the thyristor.) To
simplify the analysis, we will assume that the on-voltage
of the thyristors is zero. In order to compute the average
output current, we only need to consider one of the phase
currents (for example, phase b) over a half of its period
of conduction. Over a half period of conduction, the cur-
rent i, contributes to the average output current over two
thyristor conduction intervals: when thyristors 2 and 3 are
on (conduction angle length o) and when thyristors 1, 2
and 3 are on (conduction angle length § — ). Integrating
1p over each of these intervals yields:

Q2,3 S /a ip(wt)d(wt) = | ig1 — V3Ve sind | a
0 2wL, (22)

V3V, Vo
+ 2oL, (cos@ — cos(f + q)) - 4wL,a

a % , Vs 2m
Q23 = /a ip(wt)d(wt) = {%4 - w[l cos (a +6 - —3—)]
m Ve U Ve . 2T
== -=) = 9 - ==
(3 a)+st sm(9 6) oL, s1n(a+ 3>

v, 2
B 6wl (g - a)

(23)
where iz, iz4 and 6 are defined as follows
Vs by
iz = cos(d +a) —cos (0 + =
= e
_ Y (E-a)
3wLg \3
Voa
. — . 8 . ] o _ o 2
lga = g1 + 2L, (sin(6.+ a) —sinf) 2w, (25)
6 = cos™? Vo(%ﬂ —%) : -2
—12V,sin(g — %) + 63V, sin(%) 2
(26)

The average output current due to i, over a full conduction
period is

()| = 5= (2 [@uz + Q23]

. (27)
Therefore, the average output current for the entire thyris-
tor bridge is

(i0) = 3(io)

% Q1,2 + Q1,2,3] (28)

iy

The expressions for the average output curreant (28) will
be compared with results of computer simulations in Sec-
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tion IV.

IV. EXAMPLE APPLICATIONS

The models that were discussed in the last two sections
form the basis of a number of machines. For example, the
system shown in Figure 1 is an often used model of an
automotive alternator which is based on a special type of
synchronous machine called the claw-pole (Lundell) gen-
erator.

In this section, we present some numerical examples
that verify the validity of the simplified models that were
developed in the last two sections. We will compare our
analytical results with ones obtained from a circuit simu-
lator.

First, consider the full bridge rectifier given in Figure 1
with the following parameter values: V, = 145V, L, =
180 pH, V4 = 1 V. The results of our comparison are
shown in Figures 4-6. Figure 4 shows the average output
current (i,) versus the magnitude of the source voltage
Vs with the source frequency f (w = 27 f) fixed at 180
Hz. Figure 5 shows the average output current (i,) versus
the source frequency f with the source voltage V; fixed
at 20 V. Figure 6 depicts the power factor k, versus the
source voltage V; with the source frequency f fixed at 180
Hz. In Figures 4 and 5, analytical results are obtained by
the use of (19) and while the symbol (x) represents the
results from circuit simulation. In Figure 6, (20) was used
to generate the analytical results. As can be seen from
these comparisons, there is good agreement between the
simulated and analytical results.

120 T T T T T T T

(i0) (A)

Ve (V)
Figure 4: Average output current (i,) versus source volt-

age magnitude V; with f = 180 Hz (solid: analytical, x:
simulation). :

Second, consider the phase-controlled rectifier shown in
Figure 2 with the following parameter values: V; =24V,
f =180 Hz, V, = 145V, Ly = 180 pH. The results of
our analysis is shown in Figure 7. The plot shows the

A i

1 ) ) ' i "
o 200 400 600 800 1000 1200 1400 1600 1800 2000
f (Hz)

Figure 5: Average output current (i,) versus frequency
f with V; = 20 V (solid: analytical, x: simulation).

H H i i H
17 18 19 20 21 22 23 24 25

Vi (V)
Figure 6: Power factor k, versus source voltage magni-
tude V, with f = 180 Hz (solid: analytical, x: simula-
tion).

average output current (i,) versus the firing angle o of
the thyristors. The solid line obtained by the use of (28)
while the symbol (x) represents the results from circuit
simulation. Once again, there is good agreement between
the analytical and simulation results.

V. CONCLUSION

In this paper, we have presented an analysis of
bridge rectifier characteristics with ac-side reactance and
constant-voltage loads operating in continuous conduction
mode. Approximate expressions were derived for the out-
put current characteristics and power factor of three-phase
diode bridge rectifiers. The inclusion of series resistance
of phases was also described. We also derived the approxi-
mations for the output current characteristics of thyristor
bridge rectifiers. The approximate analytical expressions
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Figure 7: Average output current (i,) versus firing angle
afor V=24V, f=180Hz, V, =145V, L, = 180 uH
(solid: analytical, x: simulation).

for both types of bridge rectifiers were compared to com-
puter simulations and were shown to be quite accurate.

APPENDIX

SINGLE-PHASE DIODE RECTIFIER WITH
CONSTANT-VOLTAGE LOAD

A single-phase rectifier with a voltage source load is
illustrated in Figure 8. Sinusoidal voltage source wvg
(=V; sin(wt)) with the a series line inductance L, drives
the bridge. As in the three-phase rectifier, the diodes in
the bridge rectifier are assumed ideal except for a finite
on-voltage, V.

i

Vo

Figure 8: Single-phase diode bridge rectifier.

Assuming that the source current i is continuous, volt-
age vqp can be expressed as
vap = V, sgn(i,) (29)

where sgn(e) is the signum function and V, = V,, + 2V;.
We can approximate the voltage v, by its fundamental

component, Vgp,1 Since the fundamental component is the
only one contributing to power transfer:

4V’

Uab R Vgb,1 = —7r—° sin(wt — ¢) (30)
where ¢ is the phase angle between v, and i;. The line .
current i, can also be approximated by its fundamental
component ig;.

is & ig1 = sy sin(wt — ¢) (31)
where I;; is the magnitude of the fundamental component
of the line current. As in the three-phase rectifier, the
voltage sources vgp,1 may be replaced by an equivalent
resistor R,y given by

4V
7rIsl

Ry = (32)

The equivalent circuit for our simplified single-phase full
bridge rectifier is shown in Figure 9.

ig a

Vs Ry

b

Figure 9: Simplified model of the single-phase diode rec-
tifier.

To determine an expression for the equivalent resis-
tance, we first compute the phasor line current

LA e Vo ojtanul/R)

VRt (wL,)?

The equivalent resistance R,; may now be written as

(33)

o 4V!  4V!\/R? + (wL,)?
Ra = o _. o ab 34
b7 Tl Vs 34
Solving for R, in the above equation gives
VI
Rap = — el T ks (35)

V.2 — (aV/m)?

Using the above expression for the equivalent resistance
R,p, the magnitude of the fundamental of the line current
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I,; and the phase angle ¢ can be expressed as

2 _ /722
I = Y Va© = 4V /7) (36)

wLg

¢ = tan~1/(nV,/4V!)? - 1 (37)

The expressions for Rgp, I;3 and ¢ are very similar to
the three-phase rectifier in which the voltage term V] is
replaced by V. The expression for the average output
current is

(i) ~ ;1,1 (38)
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